Abstract. As a first step in the study of Sp(2N) composite Higgs models, we obtained a set of novel numerical results for the pure gauge Sp(4) lattice theory in 3+1 space-time dimensions. Results for the continuum extrapolations of the string tension and the glueball mass spectrum are presented and their values are compared with the same quantities in neighbouring SU(N) models.
Introduction
The Sp(2N) class of gauge theories naturally arises in the context of Higgs compositeness whenever the symmetry group of the new strongly coupled sector is pseudoreal. As explained in [1] in more detail, it is then interesting to perform a non-perturbative study on this class of models using their lattice regularization. In this contribution we focus on the glueball spectrum and string tension computation in the Sp(4) lattice regularized gauge theory. The first part is devoted to the implementation of the heat bath (HB) algorithm used to simulate the Sp(2N) gauge theory. In the second part, we focus on variational methods and improved operators employed to obtain the glueball spectrum and the string tension of the theory. The last part is a discussion of the results obtained for N = 2, i.e. Sp(4).
The heat bath algorithm for Sp(2N)
The Sp(2N) lattice gauge theory is defined on a 4 dimensional euclidean hypercubic lattice of spacing a by the Wilson action
Re tr U µν (1) where β = 4N/g 2 and
An update algorithm for the above theory can be realized following the well known CabibboMarinari approach [2, 3] . The crucial observation is that since Sp(2N) is a subgroup of SU(2N), an ergodic update algorithm can be obtained for the former group by restricting the set of usually updated SU(2) subgroups of the latter. Starting from the unit matrix (cold start) or by a randomly chosen Sp(2N) matrix (hot start), and updating the lattice links U µ (x) according to the above scheme, one samples the configuration space in the desired way.
To check the correctness of the above procedure, we measured the vacuum expectation value of the action per plaquette P = 1 6V S for several values of β and at 4 values of N starting from both hot and cold configurations, and compared our estimates with the strong and weak coupling expansions and with known numerical results [3] . The deviations with respect to the latter at N = 2 is shown on the left hand side fig. 1 while on the right hand side of fig. 1 we show the deviation with respect to the leading order strong coupling prediction at several values of N. These results suggest that we are able to simulate the lattice regularized Sp(2N) gauge theory at any value of N and of the coupling β. To check for the correctness of our update algorithm, we compared our results for the expectation value of the action per plaquette at various values of β both with those present in the literature and with analytical calculations. The deviations between the estimates obtained in the present work and those of [3] (left), and with the leading order strong coupling expectation (right).
Methods for Glueballs spectrum and string tension calculations
In the confining phase of the Sp(2N) gauge theory we expect two kinds of color-singlet states to propagate: bound states of gluons called glueballs and, in the presence of static sources or in compactified space-times, closed fluxtubes. The quantity we will estimate is the ratio
, where m G is the mass of the glueball in a particular symmetry channel and σ the energy per unit length of a fluxtube, i.e. the string tension. In this section, we explain how both of these quantities can be estimated on the lattice.
In the continuum, states of the gauge field can be labelled by their energy value, by the values of their conserved charges with respect to the euclidean Poincaré group and, in the case of fluxtubes, by their length. For glueballs, the relevant quantum numbers are the angular momentum J and parity P, while for fluxtubes, we use, in addition, their length L, the flux q they carry and parities P l , P t , respectively in the plane of the fluxtube and with respect to its axis. Therefore, glueballs are labelled by (J, P) and fluxtubes by (L, J, q, P l , P t ). Since for the latter we only deal with the case q = 1, J = 0 and P l = P t = 1, we will omit the corresponding labels. Moreover, since Sp(2N) has only pseudo real representations, the charge conjugation quantum number has always value +1 and will neglected below.
The lattice formulation of the gauge theory breaks its Poincaré symmetry down to its discrete icosahedral subgroup. States created on the lattice by gauge invariant products of elementary link operators U µ ( x, t) along closed loops Ω will be labelled by the irreducible representation of the icosahedral group in which they transform. The latter can be labelled as A 1 , A 2 , T 1 , T 2 , E. A further distinction has to be made between contractible and non-contractible loop operators, generating, respectively, glueball and fluxtube states. Note that because of center symmetry, these have no overlap between each other and can be studied separately. Now we will briefly review how to obtain the mass m C of a generic state of quantum numbers C. As said above, C = R ± for glueballs, while C = L for fluxtubes. Denoting by
a generic gauge-invariant operator with quantum numbers C, the mass m C of the corresponding state can be obtained from the asymptotic behaviour of its zero-momentum-projected euclidean time correlator,
where n labels the excitation number and φ C (t) = x φ( x, t). The above correlator probes the propagation of a infinite tower of states of increasing energy with quantum numbers C. The leading behaviour for t → ∞ singles out the lowest among the m C,n , that we denote simply by m C from now on,
Direct estimates of m C can be obtained by fitting measurements of the correlator in eq. (4) on a suitable range of t with an exponentially decaying function. In this process one has to face two severe difficulties, however. Not only does the signal-to-noise ratio exponentially decay at large t, but, as we increase β to flow towards the continuum limit, the amplitude of the exponential decay rapidly goes to 0, turning the direct determination of m C into a very challenging task. These are by now well known problems related to our choice of interpolating operators, eq. (3), and to their behaviour in the continuum limit, for which a solution has been found in the form of variational calculus with linear combinations of improved operators. Improved operators are the result of two iterative operations, smearing and blocking, that are designed in order to interpolate the physical size of lattice states as its spacing is brought to 0. Smearing consists in summing the staples around a link to the link itself, as follows
where p a is a free parameter that determines how many smearing steps are necessary to reach a particular scale. Blocking consists in replacing the original elementary links with superlinks that join lattice sites that are 2 b spacings apart, where b is the number of blocking iterations, as described bỹ
While blocking allows to reach the physical size of the glueball with less steps, at the physical scale smearing provides a better resolution. An iterative combination of n = 1, 2 smearing steps with a blocking step has shown to be an efficient strategy [4] , and we have employed this procedure in this work, with (p a = 0.4, p b = 0.16). Note that the matricesŨ µ (n) associated to improved links are not necessarily part of the gauge group anymore. To reproject to the original group we find the Sp(2N) matrix U µ (i) that maximizes Re trŨ † U: first, a crude projection is operated onŨ N using a resymplecticisation algorithm, see [5] for our choice, second, a certain number of cooling [6] steps (we used 15) is performed on the link. This allows to iteratively approach the sought for U.
Starting from M elementary basis paths in a given symmetry channel, N iterations of the improvement process results in a collection N × M operators. Denoting with {φ i (t)} this collection in a given symmetry channel, we may compute the correlation matrix
and diagonalize it, assuming maximal rank. If v i is the eigenvector corresponding to the greatest eigenvalue, the operator
creates the state of maximum overlap with the group state of the given symmetry channel. The corresponding mass can then be extracted from a fit of
to the data, whereΓ is diagonalized correlation matrix, or by looking for a plateau value in
Note that in both cases, the extracted mass also receives contributions from excited states in the same symmetry channel.
In the case of fluxtube states, we are interested in extracting the string tension, i.e. the proportionality constant between the energy and the length quantum number
Note that the corresponding correlator may be measured in several channels, depending on our (entirely conventional) choice of what direction is "time-like". However, since we are in a euclidean setup, we expect the final results for the string tensions σ s and σ t to be compatible. Assuming that the string in question is bosonic in nature, the corrections to the formula above for finite L contribute with a power series in 1/L and can be computed in the framework of Effective String Theory, see [7] and references therein. There it is shown that the request of Poincaré invariance of the effective action strongly constrains the form of the power series coefficients. As a result, all the correction terms in D = 4 are universal up to order 1/L 5 and coincide with a Taylor expansion of the Nambu Goto (NG) spectrum in 1/L around L = ∞. In particular we have, ,
at the Leading (LO) and Next-to-leading (NLO) order, and
for the complete NG spectrum. Estimates of the string tension at these orders of approximation were obtained by inverting the above formulas for σ.
Numerical Setup and results
The simulations were performed using a version of the HiRep code suite approriately modified to accomodate the Sp(2N) series of gauge theories. In particular, we work at N = 2. For the variational procedure with improved operators, we employed the same automatized algorithm used in [4] . Operators were blocked to the level N b ≤ L with smearing and blocking parameters chosen as (p a = 0.4, p b = 0.16). After N c = 15 steps of cooling, This resulted in a variational basis of ∼ 200 operators. For each value of the lattice volume and of the coupling that were probed, 10000 configurations were stored to be later analyzed. Data was initially collected on a (La = 10a) 4 lattice at β = 7.7. This choice of the coupling guarantees that we are in the confined phase. After estimates of the string tension and the glueball masses were computed, the process was repeated for larger lattice sizes at the same coupling. This allowed to estimate the importance of finite size effects. Additionally, we explicitly checked that the estimates of the string tension obtained at each lattice volume, measured in different channels, were statistically compatible, see the right hand side of tab. 1 and fig. 2 . Our final estimate thereof was then computed as the weighted average of the two results, using the inverse errors as weights. The final estimates of the string tension at finite lattice spacings are reported in tab. 1. Results for the glueball masses at finite lattice spacing are reported in tab. 2. Once a lattice large enough for the finite size effects to be neglectable was found, we used the scale setting results reported in [5] to shrink the lattice spacing at (approximately) constant physical volume. Computing the ratio m G / √ σ for each of the couplings and lattice volumes shown in the first two columns of the left hand side of tab. 1, and assuming discretization effects to behave as
we could extrapolate the above ratio to the continuum limit for each symmetry channel. The extrapolations are visible in fig.3 and the continuum limits reported in tab. 3. Note that the estimates for the E ± and the T 1 ± channels are numerically compatible, as we expect if Poincaré symmetry is to be restored in the continuum limit.
Conclusions
In this work we have carried out the first numerical estimation of the glueball spectrum in the pure Sp(4) gauge theory. After adapting the HiRep code suite to simulate the Sp(2N) gauge theory, we employed a fully automatised process to determine the best-overlap variational basis built from improved operators. This allowed us to overcome the exponentially-decaying signal-to-noise ratio problem and to obtain precision measurements of glueball masses in units of the square root of the string tension in all the symmetry channels. The magnitude of our results is comparable to what is found in SU(N) theories, see [8, 9] and reference therein, and the value of the
ratio, η(S p(4)) = 5.27(15) is compatible with the expectations from [10] . On the left hand side, in the first two columns, the value of √ σ extracted from the full lightcone spectrum (NG) prediction for the ground state energy of the fluxtube length L at β = 7.7. In the last column, weighted averages over the timelike and spacelike channels. On the right hand side, the final estimates for √ σ at different lattice setups. Figure 3 : Continuum limit extrapolations for glueball masses. For each symmetry channel R P , we expect the ratio m G / √ σ to tend to its continuum limit value according to eq. 18. Note, in addition, that the estimates in the channels E + , T 1 + and E − , T 1 − , respectively, tend to the same value as a → 0, as we expect if Poincaré invariance is to be restored in the continuum limit. Estimates of the ratio m G / √ σ for each symmetry channel R P , obtained by fitting eq. 13 to the data at coupling β = 7.7. The operators considered were blocked at level N b ≤ L, with N c = 15 cooling steps. fig. 3 for each one of the symmetry channels R P considered.
